One of the typical features of Majorana zero mode (MZM) at the end of topological superconductor is a zero-bias peak in the tunneling spectroscopy of the normal lead-superconductor junction. In this paper we study on a model with one phonon mode coupling to the superconductor lead of the normal lead-superconductor junction, which can be viewed as an electron-lead/phonon-coupled-MZM/holelead structure. The phonon-coupled MZM acts as a series of channels in which electron can turn into hole by absorbing and emitting phonons. These channels present in the local density of states (LDOS) as a series of stripes, generating the corresponding peaks in the tunneling spectroscopy. In LDOS, the electron-phonon interaction narrows and redistributes the weight among stripes. In the tunneling spectroscopy, the heights of peaks present a feature of the multi-phonon process. With these investigations, our work illuminates the mechanism of phonon-assisted Andreev reflection at a Majorana zero mode.
I. INTRODUCTION
Majorana fermion, a fermion which is its own antiparticle, can be achieved in condensed matter as a quasiparticle of electrons and holes. [1] [2] [3] [4] For example, Majorana fermion appears in spinless p wave superconductor at the transition between strong and weak pairing phases. [5] [6] [7] [8] In practice, the Majorana zero mode (MZM) can be achieved at the end of a quantum wire which is in proximity to a s-wave superconductor and in a Zeeman field.
9, 10 An efficient method to check the existence of MZM is to construct a normal lead-superconductor junction and measure the tunneling spectroscopy. With a MZM resides in the junction, the tunneling spectroscopy presents a zero-bias peak [11] [12] [13] [14] which is resulted from the Majorana induced resonance Andreev reflection. 15 Up to now, the zero-bias peak has been observed in many experiments, [16] [17] [18] [19] [20] [21] [22] but the height of the peak usually is much lower than the perfect value 2e
2 /h, because of the soft gap, 23 thermal effect, 24, 25 or the electron-phonon interaction (EPI). Very recent, an experiment work has successfully achieved the zero-bias peak with the peak height 2e
2 /h in an indium antimonide semiconductor nanowire covered a superconducting shell, 26 which gives a strong evidence of the existence of the MZM.
The phonon plays an important role in electron transport. [27] [28] [29] [30] [31] [32] While short wave phonon participates in the superconducting pairing, 33, 34 it is also worth to consider the influence of long wave optical phonon in the Majorana induced Andreev reflection. Some reports have shown the spectroscopy of phonon-assisted Andreev reflection, where a series of peaks appear with the equal peak interval ωp 2 with ω p being the frequency of the phonon. [35] [36] [37] However, the Majorana induced Andreev reflection is a kind of special Andreev reflection which is more like resonance tunneling. The normal lead plays a role of both electron lead and hole lead, and the MZM acts as a quantum dot with a single zero energy level.
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In phonon-assisted resonance tunneling, the local density of states (LDOS) of the quantum dot and the differential conductance present a series of peaks at nω p with the integer n and are sensitive to the average Fermi energy of the two leads, 38, 39 which is exactly zero for electron and hole leads in the case of Majorana induced Andreev reflection and aligns to the MZM. Moreover, very recent, Song and Das Sarma have studied the relaxation time of the Majorana qubit with the coupling of phonons, and show that the relaxation rate can be manipulated by the accompanied phonon energy which can be tuned by the voltage bias. 40 So far, the mechanism of phonon-assisted Majorana induced Andreev reflection has not been investigated, which is exactly the subject of the present work.
In order to look into the influence of phonon on Majorana induced Andreev reflection, we investigate a simplified model with one phonon mode coupling to the superconductor of a normal lead-superconductor junction in this paper. An non-equilibrium Green's function formalism is developed to numerically solve the LDOS and conductance of this normal lead-superconductor junction. With the phonon mode coupling, MZM generates a series of channels in which electron can turn into hole by absorbing and emitting phonons. These channels present in the LDOS as a series of stripes which have the same width in energy, the same shape in real space but different scales. The stripes are reduced to peaks in energy distribution at a fixed position. The coupling strength of the normal lead and superconductor has a broadening effect on the peaks, but has no influence on the weight of each peak. On the other hand, the EPI strength restrains the broadening and elevates the weight of nonzeroth phonon sidebands. The heights of peaks grow with the EPI strength moderately at zero temperature but intensively at nonzero temperature. However, the soar of peaks in LDOS with temperature is wiped out in conductance by thermal broadening effect. At zero temperature, the width of peaks in conductance are exactly equal to their counterpart in LDOS, and the height of the nth conductance peak presents a feature of n-phonons process.
The rest of this paper is organized as follows: In Sec.II we introduce the normal lead-superconductor model and the non-equilibrium Green's function, of which the detailed deduction is developed in the Appendix. The results are presented in Sec.III. Specifically, we first give a picture of phonon assisted Andreev reflection at MZM in Sec.III A, then numerically study the LDOS in Sec.III B and differential conductance in Sec.III C, respectively. In the end, we summary the work in Sec.IV.
II. MODEL AND METHOD
The phonon-coupled normal lead-superconductor device is shown in Fig.1(a) . With the help of Zeeman field and proximity to s-wave superconductor, an 1D quantum wire changes into a spinless p-wave superconductor or a Kitaev chain 41 of which a MZM resides at the end. A single phonon mode is coupled to this superconductor to simulate the effect of long wave optical phonon, of which the frequency is ω p and the momentum can be omitted. This phonon-coupled superconducting wire is connected to a normal lead, forming a normal lead-superconductor junction. The superconducting lead is grounded and a bias V is added on the normal lead. The EPI strength is λ, and in this paper we also use the dimensionless quantity g = λ 2 /ω 2 p to denote the strength of EPI. The tunneling strength between the normal lead and superconductor is labeled by 1/α, which means a larger α represents a weaker tunneling. The parameter α is called reversed coupling strength in the rest of this paper. The Hamiltonian of this device is presented below:
where H L and H R represent the normal and superconductor lead, respectively, and H T describe the coupling term or the tunneling term between the normal lead and superconductor. In particular, H R consists of spinless pwave superconductor term H R0 , EPI term λ(â +â † )ĉ † kĉ k and phonon term ω pâ †â . The operatorsâ(â † ),ĉ(ĉ † ) and d(d † ) annihilate (create) a phonon, an electron in normal lead and in superconducting lead, respectively. The energy spectrum ε k and ε ′ k are both parabolic, and the constant T 0 stand for the normal lead-superconductor coupling strength at α = 1. The EPI term in Eq.(2) complicates the solving of this system. A well developed canonical transformation method is widely used to solve problems in this kind. 31, 35, 38, 42 Introducing the canonical transformation on any operatorÔ, thatÔ = e SÔ e −S with
The transformed HamiltonianH = e S He −S reads
and n e = kĉ † kĉ k is the density of electron in the superconductor. InH, instead of the complicated EPI term λ(â +â † )ĉ † kĉ k , EPI only exists inH T and can be eliminated by a mean-field approximation 31, 35, 38 
where g = λ 2 /ω 2 p and N = 1 e ωp/kB T − 1 (13) stands for the number of phonon with the temperature T . The HamiltonianH is discretized to adapt to numerical calculation. Let ε
−ǫ R , choose T 0 properly, and the order parameter for p wave pairing could be set to∆ k = ∆k. TheH can be discretized into the following form:
x ≥ 0 (15)
Here a 0 denotes the discretization length. The normal lead-superconductor interface is located at x = 0. With Eq.(14-16) we can easily acquire the transformed Green's functionḠ(x, x ′ ). [44] [45] [46] With the help ofḠ(x, x ′ ), we are able to achieve the LDOS ρ(x, E) of phonon-coupled MZM as well as the tunneling spectroscopy G(V ). The explicit formulation is developed in the Appendix of this paper. The numerical investigations in LDOS and transporting property are detailed in Sec.III, which are at the parameters of m = 0.025, a 0 = 0.05, ǫ R = 15, ∆ = 20, ǫ L = 2000, where the natural unit is adopted and the phonon frequency ω p = 1 as the energy unit. At this group of parameters the superconducting gap is E gap = 28.
III. RESULT A. mechanism
In condition of weak tunneling and small bias comparing to the superconducting gap, the normal current through the normal lead-superconductor junction is blocked, and the current flow is dominated by superconducting current which comes from Andreev reflection at the MZM. In this case the normal lead can be viewed as a combination of an electron lead and a hole lead and the normal lead-superconductor junction can be viewed as a two terminal system [ Fig.1(b) ]. The superconductor lead is suspended and the remaining electronlead/MZM/hole-lead structure constitutes a resonance tunneling system (i.e., the Majorana induced resonance Andreev reflection) in which the MZM plays the role of the quantum dot. 47 The electron and hole leads are coupled to the MZM with the same tunneling strength, leading to a perfect tunneling at V = 0, i.e., the zerobias peak in the tunneling spectroscopy. Here the MZM acts as an electron-hole channel at zero energy. This e-h channel is broadened in energy by the coupling of the normal lead to MZM, which presents in the tunneling spectroscopy as the widening of the zero-bias peak. Figure. 2(a) gives the diagram of the Majorana induced resonance Andreev reflection. While ω 0 = 0 is in the e-h channel of MZM, Fig.2 (a) has a non-vanishing contribution, leading to an Andreev reflection. Electrons outside the MZM channel are unable to participate an Andreev reflection unless with the help of phonons. The single phonon process is presented in Fig.2(b) . If the energy of electron is ω p away from ω 0 = 0, this electron can also participate the process in Fig.2(a) by emitting a phonon. The multi phonon processes are similar, that an electron whose energy is nω p away from ω 0 can go through the process in Fig2(a) by emitting n phonons. Figure. 2(c) gives an example of n = 2 case.
The no-phonon, single-phonon, and multi-phonon processes in Fig.2(a-c) are summarized in Fig.2(d) , which gives a understandable picture of phonon-assisted Andreev reflection at MZM. The phonon-coupled MZM is a series of e-h channels, and the nth channel locates at E = n ω p . The 0th channel is just the broadened MZM which is perfectly transparent. The non-zeroth channels, on the other hand, are the copies of the 0th channel. An electron in the nth channel has a chance to take road of the 0th channel by emitting or absorbing n phonons. For this reason all channels have the same width W originating from the 0th channel. In the case of weak EPI, the multi phonon process is infrequent so that the high order channels are nearly blocked.
B. Local Density of States
The channels in Fig.2(d) can be directly recognized in the LDOS ρ(x, E), which is defined by Eq.(A4) in the Appendix A. The LDOS ρ(x, E) gives the probability of the electron at position x having the energy of E. In Fig.3(a) we numerically solve the ρ(x, E) with g = 0.6, α = 4, T = 0 in units of ρ 0 = a0ωp 10000 . The bias voltage V which exists in Eq.(A13) in form of µ (µ = eV ) actually has no effect on ρ, because the average Fermi level of electron-lead and hole-lead is always 0 at every V and exactly aligns to the MZM. Since the bulk gap E gap ≫ E in the concerned region and the tunneling is weak enough to suppress the influence of bulk states near the MZM, the electron-hole symmetry is conserved, and ρ(x, E) presents a series of narrow stripes near the normal lead-superconductor interface. The nth stripe is at the position of E = nω p , which is related to an n-phonons process at the MZM. The total integral of these stripes are 1 2 , which is corresponding to one Majorana fermion, and is equivalent to half a Fermion. 41 Because of the negligible momentum, the long wave phonon splits MZM in energy spectrum but has little influence in the space distribution, i.e., the space distribution are the same for every stripes, which are shown in Fig.3(b) . The stripes have the same profile but decline in scale with the raise of n, because in the condition of weak EPI the multi phonon process is hard to achieve.
The transport property is dependent on the energy distribution ρ(E) near the normal lead-superconductor interface, which is shown in Fig.4 . However, Fig.3(b) indicates that ρ(E) ≡ 0 at the exact x = 0 position, so the average ρ(E) over the small lattice a 0 next to the interface, ρ(E) = 1 a0 a0 0 ρ(x, E)dx, is shown in Fig.4 . Since the space distributions for every stripe are in the same shape, Fig.4 honestly reflects the energy distribution near the interface. The overall outline of ρ(E) is shown in Fig.4(a) , in which the cross section of stripes in Fig.3(a) are turned into peaks. The peaks in ρ(E) represent the electron-hole channels by which electrons participate Andreev reflection and generate superconducting current. Figure.4(b-d) zoom in on the 0th-2nd peaks. The LDOS is influenced by normal lead-superconductor coupling strength 1/α, EPI factor g and temperature T . The coupling strength 1/α directly broadens the MZM in energy from a delta-type function to a Lorentzian curve, so it directly affects the width of each peak. The EPI factor g and temperature T suppress the effective normal lead-superconductor coupling inH T by a suppression factor e −g(N +1/2) and narrow the peaks. However, the EPI also appears in the coefficient L n [Eq.(A3)], which redistributes the weights of each phonon peak. So g and T change the areas of each peak but α does not. With the decrease of EPI, the LDOS is centralizing in the main peak. When the EPI is absent, all phonon sidebands are absorbed in the central peak.
The influence of EPI on LDOS is studied in Fig.5 . The height of LDOS peak h n ≡ ρ(nω p ) describes the possibility of electron at the energy of nω p , corresponding to a n-phonon process. At g = 0 where EPI is absent, h n = 0 for all nonzero n. From Fig.5(a) and (b), we can see that all h n s raise with the EPI strength g for two different reasons: the suppression in effective coupling strength between the normal lead and superconductor (seeH T ) and the redistribution among the peaks. The increase of h 0 is because of the suppression of the effective coupling strength, which narrow the peaks. On the other hand for nonzero n, the raise of the peak height h n is due to not only the suppression of the effective coupling strength but also the inter peak redistribution. The increase of h n with g is much intenser at the temperature T = 1 than T = 0. The primary reason for this difference is about the coupling strength suppression, because h 0 also soars at T = 1 which is irrelevant to the inter peak redistribution. The suppression factor e −g(N +1/2) is much smaller at finite temperature since the phonon number N is positive comparing to N = 0 at zero temperature. However, the inter peak redistribution also differs between the temperature T = 0 and T = 1. It is obvious that the ratio h 1 /h 0 and h 2 /h 0 raise faster at T = 1 than T = 0, which mean the single-phonon and bi-phonon processes happen more frequently at the higher temperature. This is reasonable since at zero temperature electron can only emit phonons and transmit phonons to itself, while at finite temperature electron can also absorb phonons from the environment. While the height of peaks is under the coeffect of the suppression of effective coupling strength and inter peak redistribution, the width of peaks directly reflects the effective coupling strength [see Fig.5(c) ]. The widths vary slowly at the low temperature region and then begin to drop. These W -T curves have a similar profile with the Boson distribution of phonons [Eq. (13)], because the influence of temperature on width just appears in the effective coupling strength atH T in form of N . At g = 0 only h0 is nonzero. For every n, hn increase with g, but the increasement at T = 1 is much intenser than T = 0. Moreover, the ratio h1/h0 and h2/h0 are larger at T = 1 than T = 0. (c) The width of MZM peak varies with temperature T at different g. These curves have similar profile with the phonon distribution [Eq. (13)].
C. conductance
In Fig.6 , we investigate the effects of the reversed coupling strength α and temperature T on the tunneling spectroscopy. The differential conductance G(V ) = dI dV presents a series of peaks at V = nω p which just resembles the LDOS. The resemblance also exist in the effect of the reversed coupling strength α, that the peaks narrow with the increase of α. In fact, at zero temperature the width of peaks in G(V ) is exactly the same with its counterpart in ρ(E), since the Fermi distribution for electrons is reduced to a step function θ(E − V ). The energy distribution is uniform away from E = V , so that the electron number in a channel varies only if the bias V is varying in this channel. On the other hand, peaks in G(V ) is severely broadened and the heights of peaks are strongly reduces at finite temperature, while the channel itself is slightly narrowed [see Fig.4 ]. This is because of the thermal broadening effect. The thermal broadening is much stronger than the EPI-induced channel narrowing, which lead to the different thermal behavior of ρ(E) and G(V ).
Another difference between ρ(E) and G(V ) is that the heights of peaks vary with the reversed coupling strength α in ρ(E) but do not in G(V ). While normal lead-superconductor coupling strength 1/α broadens the MZM, it has no effect on the height of zero-bias peak, because whatever the effective coupling strength in H T is, it stands for the coupling term of both electron and hole leads, so the e-h tunneling is always resonance at V = 0, which means a complete Andreev reflection and G(0) = 2e 2 /h. The middle of the 0th e-h channel, for this reason, is perfect transparent. This behavior is very different with the photon-assisted Majorana induced resonance Andreev reflection, in which the height of the 0th peak of the conductance is reduced by the time-periodic potential. 48 The transport in non-zeroth channel is achieved by absorbing and emitting phonons and taking the road of the 0th channel. So the transparency in the middle of the nth channel is only related to EPI but irrelevant to the normal lead-superconductor coupling strength 1/α. The influence of EPI on transport property is presented in Fig.7 . When EPI is absent, there is only a zero-bias peak in the tunneling spectroscopy G(V ). With the increase of EPI strength g, non-zeroth peaks come out at V = nω p [see Fig.7(a) ]. The width of peaks in G(V ) narrows with the increase of g for the EPI-induced channel narrowing. Meanwhile the heights of phonon sidebands h n = G(nω p ) rise with g, which is illustrated in Fig.7(b) . At zeros temperature and at the small EPI strength g, the height of nth peak h n obeys the rule of
This relation can be accounted for the following explanation: In the condition of weak EPI, the probability of n-phonon process is proportional to λ n . Take Fig.2(b) as a example. This diagram stands for single phonon process and contains one wavy line corresponding to λ 1 . The diagram represents the scattering coefficient s eh , and the conductance G ∝ |s eh | 2 . So the 1st conductance peak
Similarly, the nth conductance peak h n ∝ λ 2n ∝ g n . However, for the large EPI strength g, the conductance peaks h n will deviate from this proportional relationship (h n ∝ g n ), because the conductance can not exceed 2e 2 /h.
IV. CONCLUSION
In order to investigate the influence of electron-phonon interaction on the Majorana induced resonance Andreev reflection, a normal lead-superconductor junction is studied in this paper, of which a single long wave phonon mode is coupled to the superconductor. With the help of canonical transformation and mean-field approximation, a non-equilibrium Green's function method is developed for numerical research on this junction. The Andreev reflection in the normal lead-superconductor junction can be viewed as resonance tunneling from electron lead to hole lead, where Majorana zero mode (MZM) plays the role of e-h channel. With the phonon mode coupling, a series of subchannels at E = nω p are derived from the MZM channel with the same width but different transparency. Electron in the subchannel can take the road of the MZM channel by emitting and absorbing phonons. These channels are presented in LDOS ρ(x, E) as a series of stripes. The stripes are same in space distribution but different in scale. These stripes are reduced to peaks in energy distribution ρ(E) near the normal lead-superconductor interface. The lead-superconductor coupling strength broadens these peaks, while electronphonon interaction has two effects on these LDOS. One is the suppression in effective coupling strength which narrows the width and raise the height. The other one is the inter peak redistribution which changes the weights of every peak. The tunneling spectroscopy presents conductance peaks similar to LDOS. At zero temperature the width of peaks are the same in tunneling spectroscopy and LDOS. At finite temperature, while the peaks in LDOS are slightly narrowed for the increase of phonon number, the conductance peaks are severely broadened and strongly reduced for thermal broadening effect. The height of the nth conductance peak is proportional to g n at zero temperature and weak electron-phonon interaction strength g, presenting a feature of multi phonon process. 
The coefficient L n can be expressed by the nth modified Bessel function of first kind I n :
35,37,38,49
with β = 1/k B T . The spectral function, i.e., the LDOS in the superconducting lead is defined as
which can be expressed by the transformed Green's function
(A5) Hereafter the parameter ω is omitted if it does not lead to confusion. Introduce the Nambu representation, and let
to be the Green's function ofH in Nambu representation. With the help of Eq.(14-16), we can directly achieve the retarded and advanced Green's functionḠ r/a . The relations between the greater/lesser Green's function to the retarded/advanced one are Keldysh equation
Here f L represents the Fermi distribution in the normal lead
where f (ω) ≡ 1/{e ω/kBT + 1} and the chemical potential µ is controlled by bias voltage V that
The transformed linewidth function is defined as
where · · · 0 stands for the Green's function of an isolated H L . HereT t = T t e −g(N +1/2) and T t = 
where ω n = ω + nω p and the subscript "11" represents the "11" element of the matrix.
Appendix B: conductance
In the Appendix B, we deduce the formulation for the conductance. The electric current from the normal lead flowing into the superconductor is the time derivative of the electron number
With the help of the motion equation, the Green's function of interacting system d k ′ |ĉ † k < (ω) can be reduced to 51,52 
+f L (ω)Ḡ > (ω −n )]} 11 dω (B6) Substituting Eqs.(A7,A8,A9), we get a solvable expression of electric current:
Then, the differential conductance G(V ) ≡ dI/dV is
In particular, at zero temperature the differential conductance G(V ) reduces into:
where µ n = µ + nω p and n 0 = −
